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Results of an experimental and theoretical analysis are presented, concerning the six-beam
(220/242/044/224/202) diffraction of X-rays in thick perfect Ge crystals, under the conditions
when a part of the diffracted beams is Bragg reflected. Three cases are considered, when one, three.
or all five diffracted beams are Bragg reflected. Tt is shown theoretically that an enhancement of
anomalous transmission for the Laue beams takes place in all these cases. Experimentally this
effect is observed in the third case on the incident beam topogram, when the two-beam Barrmann
effect corresponds to Bragg reflection and is more weakly revealed than in the Laue case. Experi-
mentally ag well as theoretically an unusual behaviour of the integral intensity for the (044) beam
is observed, when the number of Bragg beams varied from one to five.

TTpeneraBieHsl  Pe3yabTAThl  BKCIEPUMEHTATBHBIX M TEOPETHUYCCHUN  HCCIe10BaHmil
miecTHROAHOBOI (220/242/044/224/202) pudpariun  PeHTTEHOBCKUX JIyueil B TOJCTHIX
COBEPILIEHHBIX KPHUCTAMIAX TepMaHuiA B YCI0BMAX, KOIZa YacTh IHQParupoBamHbIx
NYyYKOB oTpamaercs 1o Lparry. Pacemorpenel Tpu caydas, B KOTopux 1o Bparry orpa-
MAeTCH OJMH, TPU U BCe TATL AUPparuposanubx nyukos. TeopeTuveckn nokasano, 4o
BO BCEX PACCMOTPEHHBIX CVIYAAX HMeeT MecTO YCWIeHHe aHOMAlLHOIO MPOXOKIeni
JTaya-nyuKoB. DKCHEePHMeHTAIBHO aTOT 3({erT 00HAPYHKeH B TPeThLeM cliydae Ha TOMo-
rpaMMe HpAMOr0 MyYKa, KOTAA ABYXBOJTHOBOI oddent HopmaHa cOOTBETCTRYET OTpa-
JHeHHo 10 Bparry u npoasasercsa Gojee ciabo, ueM B caydae Jlaye. Hak sxenepumeri-
TAJNBLHO, TAK U TEOPETHYECKN 00HAPYHEeH0 HeoDbIYHOe TIOBEeleHIe HHTerPanbHoil HHTeH -
puoctu (044)-nyura TpU MaMeHeHMH dMeaa Bparr-nyuyskos OT OJHOTO 10 TTATH.

1. Introduection

Six-beam X-ray scattering in perfect crystals represents one of the most interesting
and relatively complex phenomena in solid-state physics. This scattering may be
realized because of the high axial symmetry of the crystals, due to which certain recip-
rocal lattice points form hexads of vectors, representing polygons inscribed into
a circle. In diamond, silicon, and germaninm crystals, the simplest such case, namely
(220/242/044/224/202), has theoretically been considered for the first time in [1]. Suh-
sequently the six-beam diffraction has been considered hoth theoretically and experi-
mentally in [2 to 12], experiments being carried out on Ge crystals.

In all these works such a geometry of experiment has been considered when diffract-
ed beams emerged from the crystals through the output surface, ie. represented the
Laue-type beams. Actually all the reflecting planes were agsumed to be normal to the
surface. The reason of this assumption apparently lies in the fact that it was for such
a geometry in [1] that a strong enhancement of the anomalous transmission effect has
been predicted, i.e. a decrease of the minimum interference absorption coefficient

1) Mravyan 1, 375049 Erevan 49, USSR.
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Fig. 1. Various diagrams of mixed Bragg-Laue geometry in the six-bheam diffraction

(TAC) by a factor of several thousands for the exact multibeam direction of the incident
plane wave [8]. In this case an analytical solution of the problem is also possible, which
helps to get physical insight into the phenomenon,

Nevertheless, it is interesting to analyse the features of the six-beam X-ray diffrac-
tion for such an experimental set-up when some of the diffracted beams leave the crys-
tal through the input surface, i.e. are Bragg reflected. Cutting the crystal surface at
a certain angle x to a plane of reciprocal lattice vectors (H-plane) and normally to the
scattering plane for the (044)-reflection (S-plane), one can realize the cases where one,
three, or all five diffracted beams are Bragg reflected. In Fig. 1 beam path schemes for
these cases are shown in their projection on the S-plane, where the incident and the
(044)-diffracted beams lie.

From a practical viewpoint it is important to give an answer to the following ques-
tion: how does the presence of Bragg-reflected beams influence the enhancement of
anomalous transmission of Laue beams. In the two-beam Bragg scattering case the
minimum TAC is known to decrease in a certain range of angles in the vicinity of the
Bragg angle, as compared with the single-beam case, but not so strong as in the Laue
case. Also of great interest is the character of the angular dependence of the intensity
digtribution both of Laue and Bragg reflected beams, particularly the “aufhellung”
effect.

These are the problems considered in the present paper. We have found both experi-
mentally and theoretically that the anomalous transmission enhancement effect takes
place over a broad range of angles «, and that the symmetrical case (x = 0y considered
earlier is by no means optimum. Theoretical analysis has been carried out following the
scheme described in [13], but in order to be able to calenlate the Laue beam intensities
for thick crystals we have developed the perturbation theory using a small parameter
exp (—t/L,), where { is the crystal thickness and L, the absorption depth. The physical
mechanism of the anomalous enhancement effect turned out to be the same as in the
Laue case: the wave field for certain regions of the dispersion surface formsa two-dimen-
sional standing wave in the H-plane, the nodes of which coincide with the atomic coor-
dinates in that plane. The intensity distribution in the Bragg-reflected beams has
a number of interesting features.

2. Experimenial Observations

Cull, and MoK, radiation from a BSV-7 tube has been used in the experiments, having
focus dimensions 0.1 x 0.1 mm2. A plane-parallel plate of a dislocation-free Ge single
crystal was placed at a distance of 250 ¢cm from the source. In order to prevent inten-
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sity losses in air, a vacuum tube with beryllium windows has been placed between the
source and the crystal. In order to obtain all the reflections simultaneously on the same
film, the latter has been placed at a distance of a few centimeters from the sample.
In a number of cases (when individual Bragg reflections were analysed) the film was
placed at a distance of 2 to 3 m from the sample. The sample surface has been treated
mechanically (lapped) and chemically (etched). Surface orientation was controlled by
a standard method. The “Rigaku Denki’” A-3 camera has been used in the experiments.
A divergent beam has been used, which made it possible to simultaneously register the
multibeam region and the two-beam background on the same topograph. The incident
beam front was limited by a narrow slit having 0.2 mm width.

All three cases shown in Fig. 1 have been analysed. Under diffraction of radiation in
the first case, when only one (044) beam is Bragg reflected, the angle o between the
crystal surface and the (111) plane is equal to 55°. In the second case « = 907 (the
crystal surface is parallel to the (011) plane). Here three beams emerge from the crys-
tal through the input surface, making the same angles with the surface as do the Laue-
diffracted beams. The third case is the opposite of the first: the incident beam forms
a 15° angle with the surface, which is equal to the angle between the (044) beam and
the surface in the first case (x = 1257). Since in the third case, the incident beam enters
the erystal almost parallel to its surface, samples of thickness not larger than 380 mm
have been investigated.

The experimental results may be summarized as follows. In the first and second cases
on the Laue topographs ((000), (220) (202), (242), and (224) in the first case, and on (000),
(220), and (202) in the second case) the multibeam region is weakly visible against the
background of two-beam lines, though the two-beam lines themselves are distinctly
visible. Thus the anomalous transmission enhancement effect in these cases is almost
unobservable experimentally, which agrees with results of experiments, where the
pure Laue-geometry case has been considered [4, 8, 11]. In these cases the two-beam
bands are sufficiently intensive, since they are formed as a result of two-beam Laue
diffraction. In the third case the multi-beam region on the transmission beam topo-
graphs is distinctly visible as a region of enhanced intensity against the background of
(220) and (202) lines (see Fig. 2). Two-beam lines in this case originate as a result of the
Borrmann effect in the process of two-beam Bragg diffraction and these lines are weaker
than in the Laue case. Therefore, the multibeam enhancement of intensity appears to
be more visible. One should remember that in the given experimental set-up the image
on the topograph is strongly averaged and broadened because of the non-monochrom-
atic character of the incident radiation within the limits of intrinsic linewidth [14].

For the Bragg-reflected beams the most interesting features have been observed on
the (044)-beam topographs (see Fig. 3). Indeed, in the first and third cases the multi-
beam region on the (044)-beam topograph appears as a dark narrow strip on the back-
ground of a light vertical band corresponding to two-beam scattering (Fig. 3 a and ¢).
The two-beam band is strongly broadened in the transverse direction due to the non-
monochromatic character of radiation, the result of* which is a non-symmetric form of
the multibeam region. The actual dimensions of the multibeam region coincide with

Fig. 2. (000) beam experimental topograph in the third
case
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the dark horizontal strip width. In the second case, on the contrary, the multibeam
region appears to be lighter than the two-beam line hzu-kgmuml ( Fi;_;. 3h).

The decrease of intensity for the Bragg-reflected beam in multibeam scattering is
obvious from the physical point of view. In the two-beam case practically all the energy
of the incident plane wave is reflected into the diffracted beam in the maximum re-
flection region. In the multibeam scattering a part of the intensity is transferred to the
other diffracted beams, hence the intensity of the given beam is reduced. This effect has

1
=]

Fig. 3 : Fig. 4
Fig. 3. (044) reflex in a) the first case, b) the second case, ¢) the third case

Fig. 4. (242) reflex in the third case
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been discovered as early as in 1928 by Meyer [15] in the case of three-beam scattering
and has been named the “aufhellung” effect. However, the increase of intensity, i.e.
the two-beam Bragg reflection enhancement due to multi-beam scattering in the second
cage, hag been observed for the first time. We will return to this effect in the next sec-
tion.

The multibeam region on the topograph of Bmgg reflections (242) ‘md (224) in the
second and third cases has a fine structure, i.e. there is an alternation of enhanced and
reduced intensity regions. Diffraction pattern broadening due to non-monochromatic-
ity takes place in the S-plane inclined at a certain angle to a two-beam band [14].
This is clearly visible in Fig. 4, where the (242) beam topograph in the third case is
shown. The multibeam enhancement area is broadened more than the two-beam band.
Due to the non-monochromatic character of the radiation in the centre of the two-beam
band, and integral intensity along the intersection of S-plane and topograph plane is
actually being measured.

The above-described results have been obtained for CuK, radiation. Similar experi-
ments have been carried out with MoK, radiation. In the latter case we could observe
only the intensity enhancement in the direct beam. The six-beam area on topographs
of all diffracted beams was undistinguishable from the two-beam background. This
fact is probably due to poor resolution of the experiment. With decrease of wavelength
the multibeam area is narrowed and no longer resolved on diffraction topographs.

3. Theory and Discussion of Results

To understand the mechanism of the X-ray interaction with the crystal in the process
of multibeam sacttering one has to know the spatial structure of the standing X-ray
wave forms, originated in the process of plane-wave diffraction, as well as the angular
dependence of the interference absorption coefficients and of intensities for the incident
and diffracted beams. A useful method for the numerical evaluation of these character-
istics has been suggested in [13].

The problem was shown to reduce to an eigenvalue problem for a twelfth-order
complex scattering matrix, and the solution of a twelfth-order system of linear, in-
homogeneous equations in order to obtain the excitation degree for various regions of
the dispersion surface from the boundary conditions.

The scattering amplitude of the incident plane wave in polarization state s” into the

m-th diffracted wave in polarization state s(s, s’ = 7, 0) is represented in the following
form [13]: _
P (t) = T Busli) Ae(f, t) (i 0) ' (1)
i
where

exp (igt/2); ym >0, - .
Dwlj, £) _{ 2
2y 1: _—a ; (2)

In these expressions ¢; and B,,(j) are eigenvalues and normalized eigenvectors of the
scattering matrix, respectively, 1,(7, £) is the excitation value of the j-th mode depending
on the erystal thickness ¢,y is the direction cosine of the m-th wave vector with respect
to the inward normal n to the crystal surface.

The incident wave vector k, may be expressed in the vicinity of the multi-wave
seattering direction in the following form:

) 2
Fey = 3, + F (g + fyeg, 4 O3ny) , (3)

23 physica (a) 35/2
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where #, is a vector that strictly satisfies all multi-wave diffraction conditions
(%, + hn)? = x5 for the frequency w, corresponding to maximum intensity in the
radiation spectrum, h,, are reciprocal lattice vectors, 1 is the radiation wavelength.
In the case congidered all reciprocal lattice vectors lie in the same plane (H-plane),
n, is the unit vector normal to this plane, and np is the unit vector along the direction
that connects the centre of the circle circumseribing the reciprocal lattice vector
hexads with the point O, ey, = [, X ngl. Parameters 0, f,, and ), describe small
deviations of vector ky from #, both in direction and magnitude. Clearly, the IAC
(imaginary part of &) as well as the transmission and reflection coefficients do not
depend on fl;. While the parameter , completely determines the direction of the vec-
tor k,, variations of the parameter f; may arise from changes in the direction of the
incident wave vector in a plane determined by vectors n, and 3, (S-plane) as well as
due to radiation wavelength variations.

The excitation values A,(j, ) in the general case have a complex and non-analytic
dependence on the crystal thickness. Also, in a set of 2V eigenvalues ¢,(N = 6) there
exist elements with negative imaginary part (¢; <C 0). The number of such elements is
equal to 2M where M is the number of Bragg-reflected beams. Waves corresponding
to such regions have amplitudes increasing with increasing crystal thickness. They de-
scribe the X-ray reflection from the lower output surface of the crystal. Excitation
values for such waves obviously fall off abruptly with increasing crystal thickness.
However, the numerical verification of this result is rather difficult, since the matrix
of a linear inhomogeneous system of equations turns out to be weakly defined: when
t> L,, where L, is the absorption length, the matrix contains anomalously large
numbers. In the limiting case when { — co one may use the approximation A.(j, co) =
— 0, if &] <C 0[13, 16]. The remaining excitation values are then obtained from a trun-
cated system of equations, corresponding to boundary conditions only on the input
crystal surface.

Such an approximation turns out to be sufficient for the evaluation of Bragg reflec-
tion coefficients, which are independent of the erystal thickness when { — oco. On the
other hand, in this case transmission and reflection coefficients for the Laue beams
depend on thickness. For their evaluation it is convenient to represent the reflection
and transmission coefficients in the form of a power series of a small parameter
exp (—t/L,). The first terms of this series have the following form:

P () = T &2 [Bhy, — ¥ Bufl* Bly] ol , (4)
j i ks

7
Py = ¥ Blad. (5)
i

In these formulae the index § numerates only the eigenvalues g; with positive imaginary
parts (¢f > 0) and index ¢ those with negative imaginary parts (¢;" < 0), the index m
numerates Laue beams, including the incident beam (ym» ~> 0), and the index k denotes
Bragg-reflected beams (y; < 0). Accordingly the eigenvector matrix B is divided into
four blocks: two square blocks along the diagonal and two rectangular off-diagonal
blocks. Matrices & and f# are inverse matrices of square blocks,

E O‘r';'?}str_os = O4j* » Z ﬁ?ng}ks o 51'1" . (6}
ms ks

Expression (4) is convenient also in the sense that it allows to carry out in explicit
form the smoothening of small oscillations in the Laue beam intensities, corresponding
to interband interactions. While the reflection coefficient for the Bragg beams has its
usual form,

Ril6y, 6) =% T |PFI, (7
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for the Laue beams this coefficient is approximately equal to
,Rm(ﬁl; 02; f} o i Z Z e“MI |(BrJn3 - Z B:nsﬁgs”ﬂis') “\?312 ] {8)
&8 j 4, kg'’

where ; = & are interference absorption coefficients. Formulae (7) and (8) are basic
for further calculations.

Tablel
x fmin (em™) ,&u,"l'))o {em™1)
— 30° 1.13 2145
- 20° 1.16 1060
10° 1.24 719
0° 1.40 557
10° 1.24 466
20° 1.16 411
30° L:13 378
40° 1.12 360
50° 1:15 354
60° 1.22 359
70° 1.35 376
80° 1.55 407
90° 1.91 459
100° 2.53 545
110° 3.99 697
120°  16.28 1011

Calculations have been carried out under the same geometrical conditions as the
experimental observation (see Fig. 1). Fig. 5 shows the reciprocal lattice vectors and
the two-beam line structure in the plane of parameters 6; and fl,. Transmission and
reflection coefficients have been evaluated for erystals of thickness 200, 100, and 50 pm
in the first, second, and third cases, respectively (Fig. 1). Calculations have shown that
a strong decrease of multi-beam minimal TAC takes place in a broad range of angles
formed by the crystal surface and the plane of reciprocal lattice vectors. This result
follows from the data of Table 1, where together with the minimal TAC the values of
the linear absorption coefficient in the one-beam case in the direction normal to the
surface are given. It also follows from Table 1 that in the symmetrical Laue case
(o = 0) the minimum TAC value along the normal to the surface is slightly higher than
the absolute minimum corresponding to & = 40°, when the reflected (044) beam is

247 220 \

(242) Fig. 5. Reciprocal lattice vectors and two-beam
(0kk) ! line structure

23+
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parallel to the erystal surface and the incident beam forms an angle of 80° with this
surface. In the general case of non-symmetric diffraction (x <= 0) the minimum value
of TAC is attained under certain reflection of the incident wave vector from the exact
multibeam direction. At the point of the minimum the angle f, is equal to zero, how-
ever f; == 0 has the sign of x and increases with the magnitude of x.

Now, what is the mechanism of anomalous transmission enhancement ? To answer
this question lets consider the dependence of TAC on the wave amplitudes. It was
shown in [17] that the following relation is valid:

Wy = #083—1(;} E E:;[?) jfr'm-n-(’

mm’ L

E-m'(?l} 1 | {9)

where E,(j) is the electrical field amplitude of the m-th wave, corresponding to the j-th
region of the dispersion surface S,(j), z is the component (normal to the surface) of the
energy flux vector from the j-th region,

En(j) = V?/_m 2 Bus(j) €ms » (10

8:(j) = Z | En(f)I® ym (11)
m
e = (2/A) %0 is the normal absorption coefficient, e,, the polarization vector,
Yimm the Fourier component of the imaginary part of the crystal polarizability y; for
a reciprocal lattice vector (Ry, — hy,). The quantity y; is generally a tensor, however,
in the dipole approximation giving the main contribution to absorption, this quantity
has a simple scalar structure. Here the ratio i/ is simply equal to the Debye-
Waller factor. '
With an account of the arguments given above one may easily see that the double
sum in (9) represents the resulting field intensity of the j-th region in sites of the crystal
lattice, averaged over the thermal vibrations of the atoms,

py = poS;1(f) (Iy(Rn + _U—nn » (12)
where R, and U, are equilibrium position and displacement vectors, respectively,

1) = | T En(j) exp (ihar)]? (13)
m

The function I,(r), according to its definition, describes a two-dimensional standing
wave in the H-plane with a period which is a multiple of the crystal lattice period.
Numerical evaluation of this function shows that the TAC decreases, since at certain
incident angles of the plane wave standing waves originate with nodes located exactly
in the sites of a two-dimensional lattice, representing the lattice projection on the
H-plane. An example of such a standing wave is given in Fig. 6, where the level curves

Fig. 6. Intensity of the interatomic X-ray field standing
wave in the erystal region with minimum absorption coeffi-
cient in the second case. Atomic projections are located in
the centre and the vertices of a hexagon
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of given values of function 7,(r) normalized by its mean value are shown, for the field
with minimum absorption coefficient u; = 1.91 em~! and the following values of the
parameters: f; = 0.65", 6, = 0, x = 90°. The dotted circle limits the cross-section of
the atomic nucleus under thermal vibrations.

The angular dependence of the transmission and reflection coefficients in the second
of the considered cases (x = 907, ¢ = 100 pm) is shown-in Fig. 7 a to d. One may easily
observe an increase of intensity in the multibeam range of angles both for the transmit-
ted beam and for the Laue-diffracted (220) beam. However, the transmission coeffi-
cient is significantly larger than the reflection coefficient. The intensity of the Bragg-
reflected (242) and (044) beams is decreased in the multibeam range of the “aufhel-
lung™ angles, however, one may note a local increase of intensity on the (044) beam pat-
tern near the Bragg direction. Such intensity increase is absent on the angular depend-
ence diagrams for the (044) beam in the first and third cases of Fig. 1.

For all diffracted beams a clearly defined enhancement in directions of other dif-
fracted beams is observed, which is due to indirect interactions of these beams. Ob-
viously, this effect is most definitely expressed in the range of angles where the direct
interaction with the incident beam is wealk, while the interaction of the incident beam
with the other reflected beam and interaction of reflected beams with each other is
still strong, i.e. when corresponding Bragg conditions hold.

In order to compare our theory with the experiment we have calculated the integral
intensity over angle 6, for the (044) beam in all three cases. The results of this caleula-

o

"
g

ig. 7. Angular dependence of a) (000) beam ( R,/ RI#¥==0.9 (1), 0.7 (2), 0.5 (3), 0.3 (4), 0.2 (5) 0.1 (6),
05 (7), b)(220) beam (Ryp/RIEY = 0.8 (1), 0.6 (2), 0.4 (3), 0.2 (4), 0.08 (5}, 0.04 (6), 0.02 (7)),
(242) beam (R, = 0.565 (1), 0.424 (2), 0.353 (3), 0.282(4), 0.212 (5), 0.141 (6), 0.071 (7),
035 (8)), d) (044) beam (R, = 0.441 (1), 0.331 (2), 0.220(3), 0.165 (4), 0.110 (5), 0.055 (6},
J28 (7)) in the second case
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Fig. 8. Theoretical intensity of a (044) beam integrated
over angle f) in the first (eurve 1), second (curve 2), and
third (curve 3) case

tion, normalized to maximum value, are shown in Fig. 8. One may observe from this
figure that the anomalous behaviour of a multi-beam region for the (044) beam in the
second case, which has been observed experimentally, is in qualitative agreement, with
the theory. A narrow gap in the central part of curve 2, shown in Fig. 8, is invisible on
the experimental topograph due to poor resolution, however, one could notice this
gap on the negative plate.

The anomalous increase of intensity for the (044) beam in six-beam scattering is
apparently related to an indirect excitation effect, which is similar to the Renninger
effect [18]. Indeed, the Bragg angle for the (044) reflection is equal to 0%** = 50.5°,
therefore the polarization factor for the w-polarization, being equal to cos 26, = 0.19,
is close to zero. As a result of this practically only half of the radiation is reflected in
the two-beam case, namely the one corresponding to s-polarization. In the process of
multi-beam scattering an additional reflection of the m-polarized radiation is possible
due to indirect interaction via the other reflections. This results in an increase of the
reflection coefficient. i

Thus, the results of our investigation show that the six-beam X-ray diffraction in
the case of a mixed Bragg-Laue geometry represents an interesting and practically
important phenomenon. The existence of strong enhancement for anomalous trans-
mission of the Laue beams, together with strong Bragg reflection of radiation, makes
it possible to create new types of monochromators and interferometers.
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